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, $(T_{N}^{*}T_{N}=T_{N}T_{N}^{*})$ $T_{N}$ .
Toeplitz $T_{N}$ , , $N+1$ Hermite $H_{N}$ $0\leq\theta<2\pi$
. .
$T_{N}$ $=e^{i\theta}H_{N}+\alpha I_{N}$ , $I_{N}$ $N+1$ , $\alpha$
. , $T_{N}$ I . – , $N+1$
Unitary $U_{N}(\theta)$ (circulant )
$U_{N}(\theta)=$ , $T_{N}=p(U_{N}(\theta))$ , $p(z)$ $N$
.. , $T_{N}$ II .
.
Theorem Toeplitz $T_{N}$ I II .
. $N$ 4 , Farenick
Lee [1] . $N\geq 5$ [3] . , [3]
, , Farenick, M. Krupnick, N. Krupnick, Lee 4 [2] –
. [3] . (
. )
I , II .
979 1997 75-79 75
$T_{N}$ I , $\theta(0\leq\theta<2\pi)$
$=e^{i\theta}$
. , $T_{N}$ II , $\theta(0\leq\theta<2\pi)$ ,
$=e^{i\theta}$
. , I , II .
3 .
(1) $T_{N}$ , $T_{N}$ Toeplitz (Toeplitz
) .
(2) $T_{N}$ , 5 Toeplitz [1] I
II .
(3) $T_{N}$ , 5 Toeplitz I II
, $T_{N}$ .
1. Toeplitz
$T_{N}$ – . $T_{N}$ $a_{0}$ $T_{N}$
, $a_{0}=0$ . , $T_{N}$ $[a_{1}, a_{2}, \cdots, a_{N}; a_{-1,-2}a, \cdots, a_{-N}]$
.
$T_{N}$ self-commutator $[T_{N;}T^{*}]NNT^{*}\tau_{N}*T_{N}=TN^{-}$ $(i, j)$ - $\alpha_{i,j}$ ,
$\alpha_{i,j}=\sum_{k=1}^{N+1}ai-k\overline{a}-\dot{J}^{-k}\overline{a}_{k-i}ak-j$ $(1 \leq i, j\leq N+1)$
. , $T_{N}$ $[T_{N)}T^{*}]N$ 2 (
) skew-symmetric . ,
$-\alpha_{i,j}=\alpha_{N+2-}j,N+2-i$ $(1 \leq i, j\leq N+1)$
, $T_{N}$ , $[T_{N};T_{N}*]=0$ ,
$\alpha_{i+1,j+1}=\alpha_{i,j}$ $(1 \leq i, j\leq N)$
. $T_{N}$ , $T_{N}$
$(*)$ $a_{i}\overline{a}_{j}+\overline{a}_{N+i}1-aN+1-j=\overline{a}-ia-j+a_{-}(N+1-i)\overline{a}-(N+1-j)$ $(1 \leq i, j\leq N)$
. $(*)$ . ,
76
Proposition 1 $T_{N}$ . ,
(1) $m(1\leq m\leq N)$ ,
$=\text{ }$ $\neq$
$T_{N}$ I . ,
(2) $m(1\leq m\leq N)$ ,
$=\text{ }$ $\text{ }\neq$
$T_{N}$ II .





, $i$ $a_{-(+1-}Ni$ ) $= \frac{a_{N+1-m}}{\overline{a}_{-\langle N+)}1-m}\overline{a}_{N+1-:}=e^{:\theta}\overline{a}_{N1*}+-\cdot$ . ,
$=e^{:\theta}$
, $T_{N}$ I .
2. Toeplitz
– $(*)$ , . $\{j_{1}, j_{2}, \cdots , j_{M}\}$
$(j_{1}<j_{2}<\cdots<j_{m})$ $\{.\cdot 1,2, \cdots, N\}$ , $arrow N+1-j$
. ,
$j_{M+1-}m=N+1-j_{m}(1\leq m\leq M)$
, $M+1$ Toeplitz $[a_{j_{1}}, aj_{2}, \cdots , a_{j_{M}};a_{-}j1’ a_{-}j2’\ldots , a_{-j_{M}}]_{\backslash }$ $T_{N}$
Toephitz .
$T_{N}$ $(*)$ , .
$\mathrm{p}_{\mathrm{r}\mathrm{o}_{\mathrm{P}}}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{o}(1)T_{N}\text{ }$
, $T_{N}$ Toeplitz . ,
(2) 5 Toeplitz $T_{N}$ .
77
proposition (1) Theorem , (1)
reduction . , $T_{N}$




, 4 ( $N$ odd $m= \frac{N+1}{2}$ , 2 ) Toeplitz
( $N-1$ $N$ ) proposition (1)
, . , ,
$T_{N}$ .
3. Theorem
$T_{N}$ . Proposition 2 (1) , Toeplitz
. , [1] , 5 Toeplitz I II




$\neq$ $\neq$ $(1 \leq m\leq N)$
.
Lemma . .
Lemma 2 5 Toeplitz $(1 \leq m<n<\frac{N+1}{2},1\leq k<l<\frac{N+1}{2})$
$A=$ [$a,$ a$m$ n’ $aN+1-n’ aN+1-m;a-m’ a_{-n},$ $a_{-}(N+1-n),$ $a-(N+1-m)$]
$B=[a_{k}, al, aN+1-\iota, aN+1-k;a_{-k}, a_{-}\iota, a-(N+1-\iota), a_{-}(N+1-k)]$
I ( II ) , $\{m, n\}\cap\{k, l\}=\{r\},$ $\{m, n\}\cup\{k, l\}\backslash \{r\}=\{p, q\}(p<$
$q)$ . ,
$C=[aa, a-q’ Na\dagger 1-pa-P’-q-a, a(N+1-q)p’ qN+1,, a_{-()}N+1-p]$
I ( II ) .
3 . , $N$ even . ($N$ odd
)
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$a)$ 5 Toeplitz $(1 <m< \frac{N+1}{2})$
$A_{m}=[a_{1}, a_{m}, aN+1-m’ aN;a_{-}1, a-m’-(N+1-m), a_{-}aN]$
I II . , $m$ $A_{m}$ I
II , $n$ $A_{n}$ II , I .
, $m<n$ , Toeplitz
$C=[a_{m}, a_{n}, a_{N+-}1n’ aN+1-m;a_{-}a-n’-(N+1-n)m’-(N+1-m)]a,a$
, $C$ [1] I II . I ,
$A_{m}$ $C$ Lemma $A_{n}$ I , . $C$ II
, $A_{n}$ $C$ Lemma , $A_{m}$ II , .
$b)$ $A_{m}(1<m< \frac{N+1}{2})$ I (II ) $T_{N}$ I (II )
. $A_{m}$ II , $0\leq\theta_{m}<2\pi$ ,
$=e^{i\theta_{m}}$
, , $a_{-1}=e^{i\theta_{m}}a_{N}$ . , $\neq$ $|a_{-1}|=|a_{N}|>0$ ,
$\theta_{m}$ $m$ , $e^{i\theta_{m}}=e^{i\theta}= \frac{a_{-1}}{a_{N}}$ . , $m$ ,
$a_{-m}=e^{i\theta}a_{N+m}1-$ , $a_{-(-}N+1m)=e^{i\theta}a_{m}$ $(1 \leq m<\frac{N+1}{2})$
, $T_{N}$ II .
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